



Research objectivesExponential Integrators and

















Principal Supervisor: Prof. Ian Turner






• Most widely used method for
timber drying in Australia
• Heated and humidified air
• Boards are layered into stacks
• Drying schedule controls the
temperature and relative
humidity of the circulating air
• Numerical simulation eliminates the need for expensive experiments
when testing new drying schedules1
1M. A. Stanish (2008), Application of wood drying simulation models in commercial













• Heterogeneous and anisotropic







• Tracheids communicate via
small openings called pits
• Earlywood: thin cell walls,
low density, light coloured
• Latewood: thick cell walls,






• Averaging volume VT containing many pores

















• Produces balance equations resembling classical conservation
equations2
2S. Whitaker (1977), Simultaneous heat, mass and momentum transfer in porous






• Three coupled nonlinear conservation equations3:
∂ψ`
∂t
+∇ · q` = 0 , x ∈ B , ` = w, e, a ,
e.g., conservation of water mass (` = w)
∂
∂t
(ρ0X + εgρv) +∇ · (ρwvw + ρvvg − ρ0Db∇Xb − ρgDeff∇ωv) = 0 .
• Boundary conditions on ∂B:
qw · n∂B specified
qe · n∂B specified
Pg = Patm
• Primary variables: X, T , Pg.
x ∈ B ∂B
• Density dependent properties, e.g., bound liquid diffusivity Db
3P. Perre´ and I. W. Turner (2002), A heterogeneous wood drying computational


























q`,i,σ = 0 ,
` = w, e, a , i = 1, . . . , N




4P. Perre´ (2005), MeshPore: A software able to apply image–based meshing







• Current state–of–the–art time
integration method
• Utilise the backward
differentiation formulae (BDF)
• Nonlinear system at each time
step F (u) = 0, u ∈ R3N
• Cost dominated by evaluations
of function F when solving
linear systems Ax = b
Max vertical bandwidth
• Preconditioning
AM−1x˜ = b , x˜ = Mx ,
requires periodic generation of the Jacobian matrix at the cost of k
function evaluations, where k is the maximum vertical bandwidth


































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































• Numerical methods for large systems of nonlinear ODEs, e.g.,
du
dt
= g(u) , u(0) = u0 , u ∈ RN .
• Designed specifically for stiff systems
• Schemes involve the exponential of the Jacobian matrix
• Exponential Euler method: Use linearisation g(u) ≈ gn + Jn(u− un)
du
dt
= gn + Jn(u− un)
Solve exactly using the integrating factor etJn
un+1 = un + τϕ(τJn)gn , ϕ(z) = (e
z − 1)/z .
• Originally introduced in the 1960s5
• Recently, experienced a resurgence in interest
5D. A. Pope (1963), An exponential method of numerical integrator of ordinary







• Extract an approximation in the m–dimensional subspace
Km(Jn, gn) = span
{
gn,Jngn, . . . ,J
m−1
n gn
} ⊆ RN .
• Orthonormal basis V m = [v1,v2, . . . ,vm] ∈ RN×m using the Arnoldi
decomposition
JnV m = V mHm + βmvm+1e
T
m .
• The Krylov approximant takes the form
ϕ(τJn)gn ≈ β0V mϕ(τHm)e1 .





Fast convergenc f r ϕ(τA)b
(no preconditioning)
Krylov
GMRES (I − τJn)−1v
ϕ(τJn)gn

















1. Assess the applicability of exponential integrators for
simulating transport in porous media.
2. Develop a dual–scale modelling approach for wood drying.





Variable–stepsiz exponential Euler method
Exponential Euler method (EEM) is a second order method, which means
that its local error is O(τ2+1) = O(τ3).
Algorithm highlights6
• The local error of the scheme
un+1 = un + τβ0V mϕ(τHm)e1 ,
is O(τ3) provided m ≥ 2
• Local error estimation: Proposed to use the difference between
un+1 and a second approximate solution u
(2)
n+1, computed using two
half–sized steps:














which is also a second–order method.
6Carr, E. J., T. J. Moroney and I. W. Turner (2011), Efficient simulation of






Variable–stepsiz exponential Euler method
• u(2)n+1 can be approximated using a single additional function evaluation


















and the local error of the resulting scheme is O(τ3) provided m ≥ 2
• Conclusion: dn+1 = un+1 − u(2)n+1 = O(τ3) and therefore an order
equivalent approximation to the local error.
• Step size adjusted according to the value of ‖dn+1‖tol
if γ ‖dn+1‖tol < 1
step size is accepted
else
step size is rejected
end
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Comparisons against sophisticated variable–stepsize implementations of the
backward differentiation formulae (BDF) featured in the SUNDIALS
package7.
Tolerance Method Error Function evals Time steps
1e –3 EEM 5.77e –3 704 101
1e –3 BDF 9.50e –3 1313 335
1e –5 EEM 1.41e –4 2284 441
1e –5 BDF 3.83e –4 4689 1515
1e –7 EEM 9.40e –6 9864 2037
1e –7 BDF 1.94e –5 20655 7018
• Requires one half of the number of function evaluations than
second–order BDF method
• Requires one third of the number of time steps than second–order
BDF method
7A. C. Hindmarsh, P. N. Brown, K. E. Grant, S. L. Lee, R. Serban, D. E. Schumaker,
and C. S. Woodward (2005), SUNDIALS: Suite of nonlinear and differential/algebraic





Application to T ansPore Model
Necessary Modifications8
The Dirichlet boundary condition Pg = Patm must be modified to form an
appropriate differential equation, e.g.,
dPg
dt
= η(Patm − Pg) , η = 100 .
The resulting spatial discretisation can then be expressed in the form
d
dt
ψ(u) = f(u) , u ∈ R3N .




= f(u) =⇒ du
dt
= Jψ(u)
−1f(u) = g(u) ,
where Jψ(u) = diag(A1, ...,AN ) with Ai ∈ R3×3 is block diagonal and
therefore easy to invert.
8E. J. Carr, I. W. Turner and P. Perre´ (2011), A Jacobian–free exponential Euler







Comparisons against the existing backward Euler method (BEM) featured
in TransPore
After 10 hours of low
temperature drying

















After 1 hr of high
temperature drying

















For all simulations the exponential integrator produces, in less






1. Assess the applicability of exponential integrators for
simulating transport in porous media.
2. Develop a dual–scale modelling approach for wood drying.





Dual–scale mod lling approach
Model Assumptions
• At each point x ∈ B the
underlying microstructure takes
the form of a periodic
arrangement of cells defined by
a single unit cell C
• Developed for the hygroscopic
range
• Cell cavities contain dry air and
water vapour only (no free
water)
• Gaseous pressure is fixed
throughout the board










• Steady–state transport equation
∇y ·Q` = 0 , y ∈ C , ` = w, e ,
• Phase flux vectors
Q(s)w = −ρsDb∇yX , y ∈ Cs ,
Q(g)w = −ρg
Dv
1− ωv∇yωv , y ∈ Cg ,
Q(s)e = −ks∇yT + hbQ(s)w , y ∈ Cs ,









• Full flux vectors
Qw = (1− χ)Q(s)w + χQ(g)w , where χ = 0 if y ∈ Cs ,





Coupling betw n scal s
• Microscopic fields respect the macroscopic gradient on ∂C
X(a, y2) = X(0, y2) + a
∂XB
∂x1




T (a, y2) = T (0, y2) + a
∂TB
∂x1




Q`(0, y2) · n∂C = Q`(a, y2) · n∂C , Q`(y1, 0) · n∂C = Q`(y2, b) · n∂C ,






Ψ` dA = ψ` , ` = w, e .
















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































1. Assess the applicability of exponential integrators for
simulating transport in porous media.
2. Develop a dual–scale modelling approach for wood drying.





Krylov approximation of ϕ(tA)b
Contour integral representation of the error













where m(z) is the exact error associated with the full orthogonalisation
method (FOM) approximation to (zI − tA)−1b.
Error estimate of Hochbruck et. al.







ϕ(z)rm(z) dz = β0βme
T
mϕ(tHm)e1vm+1.
M. Hochbruck and C. Lubich and H. Selhofer, Exponential integrators for large







Suppose A and Hm are diagonalisable such that AP = PD where
D = diag(λ1, . . . , λN ) and HmY m = Y mΛm where
Λm = diag(µ1, . . . , µm), and λmax = max {Re(λj)}. For α positive and
α > tλmax∥∥εm∥∥2 ≤ Cα(m)∥∥rm(α)∥∥2 ,














and rm(α) is the residual error associated with the FOM approximation to
(αI − tA)−1b
E. J. Carr, I. W. Turner and M. Ilic (2011), Krylov subspace approximations for the
exponential Euler method: error estimates and the harmonic Ritz approximant,





























Performance of Error bound
C10(m)‖rm(10)‖2
Exact error






































Concept of a differen ial equation residual10
Relies on the fact that x(t) = A−1(etA − I)b = tϕ(tA)b exactly satisfies
dx
dt
= Ax+ b .
Let xm(t) = tβ0V mϕ(tHm)e1 and define the “residual”
rm = b+Axm − dxm
dt
= b+ tAβ0V mϕ(tHm)e1 − β0V metHme1




which reproduces the result of Hochbruck et. al9
9M. Hochbruck and C. Lubich and H. Selhofer, Exponential integrators for large
systems of differential equations, SIAM J. Sci. Comput., 19(5): 1552–1574.
10E. J. Carr, I. W. Turner and M. Ilic (2011), Krylov subspace approximations for the
exponential Euler method: error estimates and the harmonic Ritz approximant,





Krylov approximation of ϕ(tA)b
A General Framework
Let Lm be an m–dimensional subspace of RN . Arbitrary Krylov subspace




The standard Krylov approximant can be derived by setting Lm = Km
ϕ(tA)b ≈ β0V mϕ(tHm)e1 .
The harmonic Ritz approximant can be derived by setting Lm = AKm
ϕ(tA)b ≈ β0V mϕ(tHm)e1 , Hm = Hm + β2mH−Tm emeTm .
E. J. Carr, I. W. Turner and M. Ilic (2011), Krylov subspace approximations for the
exponential Euler method: error estimates and the harmonic Ritz approximant,






1. Developed a variable–stepsize algorithm for the exponential
Euler method with embedded local error estimation
• E. J. Carr, T. J. Moroney and I. W. Turner (2011), Efficient simulation of
unsaturated flow using exponential time integration, Appl. Math. Comput.,
217(14): 6587–6596.
• E. J. Carr, I. W. Turner and P. Perre´, A Jacobian–free exponential Euler
method for simulating transport in porous media: application to the drying
of softwood, Submitted to J. Comput. Phys.
2. Developed a dual–scale computational approach for wood
drying
• E. J. Carr, I. W. Turner and P. Perre´, A dual–scale modelling approach for
drying hygroscopic porous media, Submitted to Multiscale Model. Sim.
3. Developed a general framework for extracting approximations
to ϕ(tA)b from Km(A, b)
• E. J. Carr, I. W. Turner and M. Ilic (2011), Krylov subspace approximations
for the exponential Euler method: error estimates and the harmonic Ritz
approximant, ANZIAM Journal, 52: C612–C627
4. Developed a novel modification of the finite volume method,
which eases the requirement of using very fine meshes
• E. J. Carr, I. W. Turner and P. Perre´ (2011), A new control–volume
finite–element scheme for heterogeneous porous media: application to the





Thank you for listening!
